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https://youtu.be/17tqXgvCN0E
https://youtu.be/jewSVEBkI_s

Sect. 4.2 Sinusoidal Forcing

Sinusoidal Forcing of a Damped Harmonic Oscillator

o Consider )
d<y dy )
F+2E+2y:smt.

@ The general solution to the unforced equation is
yn(t) = ki fcost + koe 'sint.

@ In order to find a particular solution...

([PRG], p. 403)
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Complexification

@ consider )
d7y dy
2— 42y =
dt? T ae YT et
o Why? (Detail 1)
o We guess y.(t) = ae'. (Detail 2) Substituting this into the
equation, we get

1-2j
5

@ So taking the imaginary part, we obtain a particular solution
of the original equation

ye(t) = (cost+isint).

2 1
yp(t) = 5 cost + g Sin t.

([PRG], p. 404)

15



Sinusoidal Forcing of a Damped Harmonic Oscillato
Complexification

The Phase Portrait of a Forced Harmonic Oscillator
Homr

Sect. 4.2 Sinusoidal Forcing

Complexification

Hence the general solution of
d?y dy .
P+2E+2yzsmt

2 1
y(t) = kie tsint + kpe fcost + <—5 cost + : sin t> i

y Figure 4.9
1 Several solutions of the equation
z{z_v +7(1_\' 2 int
—5 42— + 2y =sint.
dr? dt .
+ } — 1
T 27 3n

Question) Can we find some relation between the forcing term and
the particular solution? 5 /15
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Complexification

@ Recall y. = ae' and a = %
o We write _
a=|ale® for some 6.
e So
ve = |alee = |ale/(t+?) = |a|(cos(t + ) + isin(t + 0))
@ Thus
yp(t) = |a|sin(t + 0) = |a| cos(t — (6 +90°))
@ We compare this to the forcing term

sint = cos(t — 90°).

6/15



Sinusoidal Forcing of a Damped Harmonic Oscillator
Complexification

The Phase Portrait of a Forced Harmonic Oscillator
Homework

Sect. 4.2 Sinusoidal Forcing

Complexification

@ Therefore, the forcing term cos(t — 90°) has some relation
with the particular solution

|a| cos(t — ¢), ¢ =0+90°

e But it is still not clear how |al,# are determined.
@ |a is called the amplitude and ¢ is called the phase angle.

@ We will discuss this in depth in Sect. 4.4 Amplitude and
Phase of the Steady State.
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The Phase Portrait of a Forced Harmonic Oscillator

Now let us draw the phase portrait of a forced harmonic oscillator

o Consider P2 J
y y
—= +2
dt? + dt

@ Using the Extended Linearity Principle, the general solution is

+ 10y = 4 cos 2t.

213
y(t) = kie ' cos3t + koe'sin3t + cos(2t + ¢)

13

for some phase angle ¢.
([PRG], p. 407)
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The Phase Portrait of a Forced Harmonic Oscillator

Because we find y(t), we can compute v = % and graph solutions
in both ty-plane and yv-plane.

S VAN,
LV VTV

Figure 4.10
Graph of the solution of d2}‘/df2 + 2dy/dt 4+ 10y = 4 cos 2t with initial

conditions y(0) = y'(0) = 0 in the yv- and ry-planes.
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The Phase Portrait of a Forced Harmonic Oscillator

Figure 4.11
Graph of the solution of d2y/dt? + 2dy/dt + 10y = 4 cos 2t with initial
conditions y(0) = 2 and ¥'(0) = 0 in the yv- and ry-planes.
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The Phase Portrait of a Forced Harmonic Oscillator

What if we choose an initial condition far away from the origin?

(Detail 3)

40

—404

Figure 4.12

Four solutions of

d%y/dt? + 2dy/dt + 10y = 4 cos 2t with
initial conditions far from the origin.

Figure 4.13

Two solutions of

(/2_\'/1/r2 + 2dy/dt 4+ 10y = 4 cos 2t with
initial conditions close to the origin.
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Homework Exercise # 19)
Find the general solution of

2
d<y 4@

_ ,—t
ey dt—|—20y—e cost.

12 /15
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What's next: Sect. 4.3 Undamped Forcing and Resonance
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@ Suggested Exercises (optional): 1-5 odd, 11, 13, 17, 19,

e Homework Exercises (required to submit): 1-5 odd, 11, 13,
and 22 on page 313.
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